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Abstract
An off-shell formulation is given for the “supersymmetry in singular spaces” which
has recently been developed in an on-shell formalism by Bergshoeff, Kallosh and
Van Proeyen using supersymmetry singlet ‘coupling constant’ field and 4-form mul-
tiplier field in five-dimensional space-time. We present this formulation for a gen-
eral supergravity-Yang-Mills-hypermultiplet coupled system compactified on an orb-
ifold S1/Z2. Relations between the bulk cosmological constant and brane tensions of
the boundary planes are discussed.
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§1. Introduction
Concerning the supersymmetrization of the Randal-Sundrum scenario 1) on the orbifold
S1/Z2, there have appeared two distinct approaches; one is due to Altendorfer, Bagger and
Nemeschansky 2), 3) and another is due to Falkowski, Lalak and Pokorsky. 4) The difference
resides in the point that the U(1)R gauge coupling constant g and the gravitino ‘mass term’
change their signs across the branes in the latter approach while they do not in the former
approach. (So the brane in the latter approach resembles to a thin limit of the domain wall.)
It is only in the latter approach that the supersymmetry requirement can give relations
between the cosmological constant in the bulk space and the brane tensions of the two
boundary planes. These relations are exactly the same relations which were required for the
existence of the Randal-Sundrum’s warp solution. 1) Moreover it is also the latter case that
is expected to appear from the heterotic M-theory on S1/Z2
5) after the reduction to five
dimensions by compactifying on a Calabi-Yau 3-fold. 6)
In a paper entitled “Supersymmetry in Singular Spaces”, Bergshoeff, Kallosh and Van
Proeyen 7) (BKVP) have given an interesting formulation for realizing ‘dynamically’ this sit-
uation of the coupling constant changing its sign across a brane. Namely, they considered
the Maxwell/Einstein gauged supergravity system in five dimensions 8) and lifted the gauge
coupling constant g of the U(1)R to a supersymmetry singlet field G(x). Then, with in-
troducing a 4-form gauge field Hµνρσ also, they succeeded in constructing a supersymmetric
action for the system on an S1/Z2 orbifold and realized the changing sign coupling ‘constant’
G(y) = gǫ(y) as the solution of the equation of motion.
However their construction is heuristic and is presented only in an on-shell formulation
for the pure Maxwell/Einstein gauged supergravity system. It is thus unclear how it becomes
changed when the system is varied. The purpose of this paper is, therefore, to give an off-
shell generalization for the BKVP formulation. In our formulation, the coupling field G(x)
appears as a ratio of the scalar component fields of two vector multiplets, and the 4-form
gauge field Hµνρσ is supplied essentially as a scalar component field of a linear multiplet.
This paper is organized as follows. In §2 we briefly explain the form of invariant off-
shell action for the general supergravity-Yang-Mills-hypermultiplet system in 5D, 9) which
we consider in this paper. Next in §3, we present a new form of linear multiplet in which
the constrained vector and auxiliary scalar components are rewritten in terms of 3-form and
4-form gauge fields, respectively. This was briefly pointed out in Ref. 10) but we present the
details here for the first time. Using this new form of linear multiplet as a supermultiplet
containing BKVP’s 4-form gauge field Hµνρσ, we give an off-shell version of the 4-form gauge
field in 5D bulk. In §4 we discuss the compactification of the system on orbifold S1/Z2 and
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construct a brane action which again gives an off-shell generalization of BKVP’s. In §5, we
discuss the relation between the cosmological constant and the brane tensions of the bound-
ary planes, based on the obtained action. We show that various results obtained by previous
authors are reproduced from our general results by reducing to simpler systems. Final sec-
tion 6 is devoted to discussions. Some technical points are treated in Appendix concerning
the parametrizations of the target manifold U(2, q)/U(2)×U(q) of the hypermultiplet scalar
fields and the non-linear Lagrangian.
§2. Supergravity action in five-dimensional bulk
The invariant action for a general system of Yang-Mills and hypermultiplet matters cou-
pled to supergravity in off-shell formulation was first obtained in Ref. 9), which we refer
to as I henceforth, based on the super Poincare´ tensor calculus given in Ref. 11). How-
ever, the calculation was very tedious there since there was no conformal S-supersymmetry.
Weyl multiplets in 5D conformal supergravity were constructed very recently by Bergshoeff
et al 12) and the full superconformal tensor calculus was presented by Fujita and Ohashi
in Ref. 10), which we refer to as II, where it was explained how easily the result of I can
be rederived based on the superconformal tensor calculus. We here, therefore, follow the
technique developed in II.
We here consider the system of n + 1 vector multiplets V I (I = 0, 1, 2, · · · , n) of some
gauge group G and r hypermultiplets Hα (α = 1, 2, · · · , 2r) which give a certain represen-
tation of G with representation matrix (gtI)
α
β. The field contents of the Weyl multiplet,
vector multiplet and hypermultiplet are listed in Table. I.
In the superconformal framework, the action obtained in I results if we fix the extraneous
gauge freedoms of dilatation D, conformal supersymmetry S and special conformal-boost
K symmetries by the conditions 10)
D : N = 1, S : ΩIiNI = 0, K : DˆaN = 0, (2.1)
where N (M) is the homogeneous cubic function of the scalar component fields M I of the
vector multiplets V I which uniquely characterizes the vector part action of the system.
We use notations like NI ≡ ∂N /∂M I , NIJ ≡ ∂N /∂M I∂MJ , etc, and Dˆµ denotes full
superconformal covariant derivative. The Q supersymmetry transformation which preserves
these gauge conditions are given by the combination of Q, S and K:
δ˜Q(ε) = δQ(ε) + δS(η
i(ε)) + δK(ξ
a
K(ε)),
ηi(ε) = − NI12N γ ·Fˆ
I(W )εi + NI3N Y
Ii
jε
j + NIJ3N Ω
Ii(2iε¯ΩJ ), (2.2)
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Table I. Field contents of the multiplets
field type restrictions SU(2) Weyl-weight
Weyl multiplet
eµ
a boson fu¨nfbein 1 −1
ψiµ fermion SU(2)-Majorana 2 −
1
2
bµ boson real 1 0
V ijµ boson V
ij
µ = V
ji
µ = (Vµij)
∗
3 0
vab boson real, antisymmetric 1 1
χi fermion SU(2)-Majorana 2 3
2
D boson real 1 2
Vector multiplet V I
W Iµ boson real gauge field 1 0
M I boson real scalar 1 1
ΩIi fermion SU(2)-Majorana 2 3
2
Y Iij boson Y
Iij = Y Iji = (Y Iij)
∗
3 2
Hypermultiplet Hα
Aαi boson A
i
α = ε
ijAβj ρβα = −(A
α
i )
∗
2
3
2
ζα fermion ζ¯α ≡ (ζα)†γ0 = ζαTC 1 2
Fαi boson F
i
α = −(F
α
i )
∗
2
5
2
omitting the expression of unimportant parameter ξaK(ε). The resultant Q transformation
laws of the Weyl multiplet, the vector multiplet and the hypermultiplet are completely the
same as (I 6·8), (I 6·9) and (I 6·10), respectively, given in I, provided that the following
translation rules are used (the LHS is the present notations same as in II and the RHS is
those in I)
V ijµ ↔ V˜
ij
µ , vab ↔ v˜ab,
NI
3N Y
Iij ↔ −t˜ij ,
χi ↔ 16χ˜i + 3γ ·Rˆi(Q), D ↔ 8C˜ − 32Rˆ(M) + 2v
2,
Ω ↔ λ, ζα ↔ ξα, Y
Iij ↔ Y˜ Iij −M I t˜ij . (2.3)
We therefore omit those Q transformation rules here, but cite the explicit form of the action
for the present supergravity-Yang-Mills-hypermultiplet system: 9)
L0 = Lhyper + Lvector + LC-S + Laux ,
e−1Lhyper = ∇
aAα¯i ∇aA
i
α − 2iζ¯
α¯( /∇+ gM)ζα
4
+Aα¯i (gM)
2
α
βAiβ − 4iψ¯
i
aγ
bγaζα∇bA
α¯
i − 2iψ¯
(i
a γ
abcψj)c A
α¯
j∇bAαi
+Aα¯i
(
8igΩ¯iαβζ
β − 4igψ¯iaγ
aMαβζ
β
+ 4igψ¯(ia γ
aΩ
j)
αβA
β
j − 2igψ¯
(i
a γ
abψ
j)
b MαβA
β
j
)
+ ψ¯aγbψcζ¯
α¯γabcζα −
1
2
ψ¯aγbcψaζ¯
α¯γbcζα ,
e−1Lvector = −
1
2R(ω)− 2iψ¯µγ
µνρ∇νψρ + (ψ¯aψb)(ψ¯cγ
abcdψd + ψ¯
aψb)
−NI
(
ig[Ω¯, Ω]I − i4ψ¯cγ
abcdψdFab(W )
I
)
+ aIJ


−14F (W )
I ·F (W )J + 12∇aM
I∇aMJ
+2iΩ¯I /∇ΩJ + iψ¯a(γ ·F (W )− 2 /∇M)IγaΩJ
−2(Ω¯Iγaγbcψa)(ψ¯bγcΩJ) + 2(Ω¯Iγaγbψa)(ψ¯bΩJ )


−NIJK

 −iΩ¯I 14γ ·F (W )JΩK
+ 23(Ω¯
IγabΩJ)(ψ¯aγbΩ
K) + 23(ψ¯
i ·γΩIj)(Ω¯J(iΩ
K
j) )


+18
(
2ψ¯aψb + ζ¯
α¯γabζα + aIJΩ¯
IγabΩ
J
)2
+ i1
4
NIF (W )
I
(
2ψ¯aψb + ζ¯
α¯γabζα + aIJΩ¯
IγabΩ
J
)
+
(
Aα¯i∇aA
j
α + iaIJΩ¯
IiγaΩ
Jj
)2
LC-S =
1
8
cIJKǫ
λµνρσW Iλ
(
F Jµν(W )F
K
ρσ(W ) +
1
2g[Wµ,Wν ]
JFKρσ(W )
+ 1
10
g2[Wµ,Wν ]
J [Wρ,Wσ]
K
)
. (2.4)
Here ∇µ denotes the derivative covariant only with respect to local-Lorentz and group trans-
formations, and the metric aIJ in the vector multiplet kinetic term is
aIJ ≡ −
1
2
∂2
∂M I∂MJ
lnN = −
1
2N
(
NIJ −
NINJ
N
)
. (2.5)
The barred group index α¯ of the hypermultiplet is defined to be Aα¯ ≡ Aβdβα by using the
hypermultiplet metric matrix dα
β which is given in the standard form 13) as
dα
β =
(
12p
−12q
)
p+ q = r. (2.6)
Since this implies Aα¯i A
i
α = −
∑2p
α=1 |A
α
i |
2 +
∑2(p+q)
α=2p+1 |A
α
i |
2, the first 2p components of the
hypermultiplet carry negative metric and are called compensator which will be eliminated
eventually by the gauge-fixing of suitable gauge symmetries. We consider only p = 1 and
p = 2 cases explicitly in this paper.
The last part of the lagrangian, Laux, is the terms of the auxiliary fields which are written
almost in the perfect square forms and vanish on shell, aside from the Y Iij-terms to which
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additional contributions will appear later:
e−1Laux = D
′(A2 + 2)− 8iχ¯′iAα¯i ζα + (Y
I
ij-terms)
+ 2(v − vsol)
ab(v − vsol)ab − (Vµ − Vµsol)
ij(V µ − V µsol)ij
+
(
1− A2/α2
)
(F α¯i −F
α¯
sol i)(F
i
α −F
i
solα) ,
(Y Iij-terms) = −
1
2
NIJY
I
ijY
Jij + Y IijY
ij
I , (2.7)
where
Y ijI = 2A
(i
α(gtI)
α¯βAj)β + iNIJKΩ¯
JiΩKj,
D′ ≡ 18D +
3
16Rˆ(M)−
1
4v
2 − i8 ψ¯ ·γχ+
3i
8 ψ¯ ·γγ ·Rˆ(Q) + iψ¯aγ
abΓψb,
χ′
i
≡ 116χ
i − 316γ ·Rˆ
i(Q)− 12γ
aΓψia,
Γ εi ≡ −3ηi(ε)− γaVa
i
jε
j + γ ·vεi . (2.8)
with ηi(ε) defined in Eq. (2.2). We have omitted the expressions for V ijsol a, vsol ab and F
α
sol i
which are the same as given in I and we will not need below.
§3. The invariant action for the four-form gauge field in 5D bulk
A linear multiplet L consists of an SU(2) triplet boson Lij , an SU(2)-Majorana spinor
ϕi, a constrained vector Ea and a real auxiliary scalar N . An invariant action formula
exists for a pair of an Abelian vector multiplet V = (M, Wµ, Ω
i, Y ij) and a linear multiplet
L = (Lij, ϕi, Ea, N) which is neutral or charged under the Abelian group of the vector
multiplet V : 10), 11)
e−1LVL (V ,L) = Y
ijLij + 2iΩ¯ϕ+ 2iψ¯
a
i γaΩjL
ij
−1
2
Wa
(
Ea − 2iψ¯bγ
baϕ+ 2iψ¯
(i
b γ
abcψj)c Lij
)
+12M
(
N − 2iψ¯bγ
bϕ− 2iψ¯(ia γ
abψ
j)
b Lij
)
. (3.1)
Now we consider the cases where the linear multiplet L is neutral. It was observed in II that
this lagrangian density can be consistently written as the following total derivative form of
a 4-form field Hµνρσ:
∗
2LVL(V ,L) = −
1
4!ǫ
λµνρσ∂λ(Hµνρσ − 4WµEνρσ), (3.2)
∗ Note, however, that we are not claiming that the action
∫
d5xLVL(V ,L) always vanishes. If the
action
∫
d5xLVL(V ,L) is nonzero, then it merely implies that the 4-form field Hµνρσ does not vanish at
infinity so that the surface term remains finite.
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where Eµνρ is an unconstrained 3-form field with which the ‘divergenceless’ constraint on E
a
is solved in the form 11)
Ea = 14!ǫ
abcdeFˆbcde(E), (3.3)
Fˆµνρσ(E) = 4∂[µEνρσ] + 8iψ¯[µγνρσ]ϕ+ 24iψ¯
i
[µγνρψ
j
σ]Lij . (3
.4)
The Eq. (3.2) can be equivalently rewritten as
MN + 2YijL
ij + 4iΩ¯ϕ = − 15!ǫ
abcdeFˆabcde(H), (3.5)
using the covariant field strength Fˆabcde(H) of the 4-form field Hµνρσ:
Fˆλµνρσ(H) = 5∂[λHµνρσ] − 10F[λµ(W )Eνρσ] − 10iψ¯[λγµνρσ]Mϕ
+20iψ¯i[λγµνρσ]λ
jLij − 40iψ¯
i
[λγµνρψ
j
σ]MLij . (3
.6)
Note the parallelism between Eqs. (3.3) and (3.5). Since the 4-form gauge field Hµνρσ has(
4
4
)
= 1 degree of freedom in 5D, it can be regarded as a replacement of the scalar component
N of the linear multiplet L, just as the 3-form gauge field Eµνρ (possessing
(
4
3
)
= 4 degrees
of freedom in 5D) is the replacement of the constrained vector component Ea of L. Therefore
the linear multiplet L = (Lij , ϕi, Ea, N) can now be expressed as L = (Lij , ϕi, Eµνρ, Hµνρσ)
by using the 3-form and 4-form gauge fields. The transformation δ ≡ δQ(ε)+δS(η)+δE(Λµν)+
δH(Λµνλ) of these gauge fields are given by
δEµνλ = 3∂[µΛνλ] − 2iε¯γµνλϕ− 12iε¯
iγ[µνψ
j
λ]Lij ,
δHµνρσ = 4∂[µΛνρσ] + 6F[µν(W )Λρσ] + 2iε¯γµνρσMϕ
− 4iε¯iγµνρσΩ
jLij + 16iε¯
iγ[µνρψ
j
σ]MLij + 4(δQ(ε)W[µ)Eνρσ]. (3
.7)
It should, however, be kept in mind that this rewriting of the component field N in
terms of the 4-form gauge field Hµνρσ is performed on the ‘background’ not only of the Weyl
multiplet but also of the vector multiplet V ; that is, the Hµνρσ component of L depends on
V , and we use the notation Hµνρσ|V and
L|V = (L
ij , ϕi, Eµνρ, Hµνρσ|V ) (3.8)
to show explicitly the vector multiplet V used in this rewriting.
If we apply the invariant action formula LVL(V , L) in Eq. (3.1) using the same vector
multiplet V as that used in the rewriting N → Hµνρσ|V of the linear multiplet L, the action
takes the total derivative form (3.2). However, we can use different vector multiplets, VS
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and VR, for the former and the latter, respectively. Then the invariant action formula (3.1)
gives the desired 4-form field action:
L4-form = LVL (VS,L|VR)
= e
(
(Y ijS −GY
ij
R )Lij + 2i(Ω¯
i
S −GΩ¯
i
R)ϕi + 2iψ¯
a
i γa(ΩS j −GΩRj)L
ij
)
−
1
4!
ǫλµνρσ
{(
Fλµ(WS)−GFλµ(WR)
)
Eνρσ +
1
2G∂λHµνρσ
}
, (3.9)
where G ≡ MS/MR. This form is most easily obtained by rewriting as
LVL (VS,L|VR) = LVL (VS −GVR,L|VR) +GLVL (VR,L|VR) . (3.10)
Then, the first term can be calculated by the formula (3.1) plaguing VS−GVR = (0, WSµ−
GWRµ, Ω
i
S −GΩ
i
R, Y
ij
S −GY
ij
R ) and using Eq. (3.3), and the second term gives G times the
total derivative form (3.2).
This Eq. (3.9) gives the desired 4-form field action, which gives a off-shell generalization
of the corresponding one by BKVP. 7) With this action, all the component fields of the linear
multiplet L|VR now play the role of Lagrange multipliers; in particular, the variation of the
4-form field Hµνρσ constrains the field ratio G(x) ≡ MS(x)/MR(x) to be a constant which
plays the role of a coupling constant gR:
∂µG(x) = 0 → G(x) = gR (constant). (3.11)
The other equations given by the variation of other components read
Y ijS = GY
ij
R , ΩS j = GΩRj , Fλµ(WS) = GFλµ(WR). (3.12)
It would be appropriate to explain here how the gauged U(1)R supergravity is constructed
with these two vector multiplets VS and VR in the present formulation. We identify the vector
multiplet VR with the U(1)R gauge multiplet which is generally given by a linear combination
of the (Abelian) vector multiplets V I :
VR ≡ VIV
I , i.e. (MR, WRµ, · · · ) = (VIM
I , VIW
I
µ , · · · ). (3.13)
We use the index I to denote all the vector multiplets other than VS. In the paper I in
which no VS appeared, the U(1)R gauge multiplet VR ≡ VIV I was made couple only to the
hypermultiplet compensator in the form
DµA
a
i = ∂µA
a
i − VµijA
aj − gRWRµ(i~q ·~σ)
a
bA
b
i (3.14)
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where the indices a, b denote 1 and 2, the first two values of α = 1, 2, · · · corresponding to
the first compensator and ~q is any constant isovector of unit length, |~q 2| = 1. Then, after the
SU(2) gauge of the index i is fixed by the condition Aai ∝ δ
a
i , the kinetic term −|DµA
a
i |
2 of
the compensator Aai gives a square term in V
N
µ
ij = V ijµ − gRWRµ(i~q·~σ)
ij so that the auxiliary
SU(2) gauge field V ijµ contained in the covariant derivative Dµ in all the other places become
replaced by V Nµ
ij + gRWRµ(i~q ·~σ)ij, thus yielding a universal coupling of WRµ to the U(1)R
subgroup of SU(2) with index i. (See I for more details.)
Here, on the other hand, VS eventually becomes the U(1)R gauge multiplet VR times
the ‘coupling constant’ G = gR by the equations of motion (3.12), and thus the VS may
be called ‘pre-U(1)R gauge multiplet’. In the present formulation, therefore, it is this pre-
U(1)R gauge multiplet VS that we make couple to the hypermultiplet compensator at the
beginning: namely, we have
DµA
a
i = ∂µA
a
i − VµijA
aj −WSµ(i~q ·~σ)
a
bA
b
i (3.15)
which reduces to the previous Eq. (3.14) after the equations of motion (3.12) are used. We
assume that the pre-U(1)R gauge multiplet VS does not have its own kinetic term; that is,
MS is not contained in N (M). The kinetic term of the U(1)R gauge multiplet, of course,
exists when detNIJ 6= 0 which we assume throughout this paper.
§4. Compactifying on orbifold and the brane action
We now compactify the fifth direction y ≡ x4 on the orbifold S1/Z2, the two fixed planes
of which are placed at y = 0 and y = πR ≡ y˜. We must first know the properties of the fields
under the Z2 parity transformation, y → −y. The parity quantum number Π is defined by
Φ(−y) = Π(Φ)Φ(y) (4.1)
for boson fields Φ, and, as discussed by BKVP, 7) by
ψi(−y) = Π(ψ) γ5M
i
jψ
j(y) (ψ¯i(−y) = Π(ψ)M ijψ¯
j(y)γ5), (4.2)
for SU(2) spinor fermions ψi (i = 1, 2). Consistency with the reality ψ¯i = (ψi)
†γ0 = ψ
iTC
requires
(M ij)
∗ = ǫikM
k
lǫ
lj , or M∗ = −σ2Mσ2 (4.3)
and we can take
M ij = (σ3)
i
j = δ
i
j(−1)
j+1 (4.4)
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without loss of generality. For fermion components ζα (α = 1, 2, · · · , 2r) of hypermultiplets,
the parity is similarly defined by
ζα(−y) = Π(ζ) γ5M
α
βζ
β(y) (4.5)
and so the reality condition demands (Mαβ)
∗ = ραγM
γ
δρ
δβ . Thus we can takeMαβ = σ3⊗1r
in the standard representation in which ραβ = ǫ⊗ 1r.
The parity is determined by demanding the invariance of the action and the consistency
of the both sides of the supersymmetry transformation rules. We find, for the Weyl multiplet
fields and Q- and S-transformation parameters ε and η,
Π(eaµ) = Π(e
4
y) = +1, Π(e
4
µ) = Π(e
a
y) = −1,
Π(ψµ) = Π(ε) = +1, Π(ψy) = Π(η) = −1,
Π(bµ) = Π(V
3
µ ) = Π(V
1,2
y ) = Π(v
4a) = Π(χ) = Π(D) = +1,
Π(by) = Π(V
3
y ) = Π(V
1,2
µ ) = Π(v
ab) = −1, (4.6)
where the underlined indices µ and a denote the four-dimensional parts of the five-dimensional
curved index µ and flat index a. The fifth direction of µ and a are denoted by y and 4, respec-
tively. The (real) ‘isovector’ components ~t = (t1,2,3) is generally defined for any symmetric
SU(2) tensor tij (satisfying hermiticity tij = (tij)
∗) as
tij(= t
ikεkj) ≡ i~t · ~σ
i
j . (4.7)
For vector multiplet V = (M, Wµ, Ω
i, Y ij), we have
Π(M) = Π(Wy) = Π(Y
1,2) = ΠV ,
Π(Ω) = Π(Wµ) = Π(Y
3) = −ΠV . (4.8)
We define the parity ΠV of vector multiplet V to be the parity Π(M) of the first component
scalar M . Normally the parity ΠV of vector multiplets must be +1 in five dimensions since
they appear in the action via the homogeneous cubic function N (M) which should have
even parity +1. However, if a certain subset of the vector multiplets appear in N (M) only
in the terms quadratic in them, then their parity assignment has a choice of ±1.
For linear multiplet L = (Lij, ϕi, Ea, N), we find
Π(L1,2) = Π(ϕ) = Π(N) = Π(E4) = Π(Eµνρ) = ΠL,
Π(L3) = Π(Ea) = Π(Eyµν) = −ΠL . (4.9)
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The parity of the 4-form field Hµνρσ|V also depends on the parity ΠV of the vector multiplet
V used in the rewriting N → Hµνρσ:
Π(Hµνρσ) = −ΠVΠL, Π(Hyµνρ) = ΠVΠL. (4.10)
The hypermultipletHα = (Aαi , ζ
α, Fαi ) (α = 1, 2, · · · , 2r) splits into r pairs (H
2αˆ−1,H2αˆ)
(αˆ = 1, 2, · · · , r) in the standard representation in which ραβ = ǫ ⊗ 1r and then the reality
condition of the scalar components Aαi, ǫ
ijAβjρβα = (A
α
i)
∗, implies that the 2 × 2 matrix
(A2αˆ−1i,A2αˆi) with i = 1, 2 for each fixed αˆ (which can be identified with a quaternion∗ )
has the form
(
A2αˆ−11 A2αˆ−12
A2αˆ1 A2αˆ2
)
= A0αˆ 12 +
3∑
k=1
iAkαˆ σk =
(
A0αˆ + iA
3
αˆ iA
1
αˆ +A
2
αˆ
iA1αˆ −A
2
αˆ A
0
αˆ − iA
3
αˆ
)
. (4.11)
with A0,1,2,3αˆ being real. The components F
0,1,2,3
αˆ are also defined similarly. Then, if the
component A0αˆ has a parity Παˆ, then we have
Π(A0,3αˆ ) = Π(F
1,2
αˆ ) = Παˆ, Π(A
1,2
αˆ ) = Π(ζ2αˆ−1,2αˆ) = Π(F
0,3
αˆ ) = −Παˆ. (4.12)
In the present gauged U(1)R supergravity, the vector multiplet VS couples to the hy-
permultiplet compensator in the form (3.15). In order for the two terms −VµijAaj and
−WSµ(i~q ·~σ)abAbi in the RHS of Eq. (3.15) to have the same Z2 parity property, ~q ·~σ must
commute or anti-commute with σ3, and Π(WSµ) = +1 when [~q·~σ, σ3] = 0 and Π(WSµ) = −1
when {~q·~σ, σ3} = 0. This implies that the parity ΠS of the vector multiplet VS (i.e., Π(MS))
should be
ΠS =
{
−1 when ~q ·~σ = σ3
+1 when ~q ·~σ = σ1 cos θ + σ2 sin θ
(4.13)
In order for the 4-form field action LVL (VS,L|VR) in Eq. (3.9) to be invariant under Z2-parity,
we must have ΠSΠL = +1.
As discussed by BKVP, we want to have the pullback of the component Hµνρσ on the
brane nonvanishing so thatΠ(Hµνρσ) = +1. This implies ΠRΠL = −1 and hence ΠR = −ΠS
and Π(G) = −1.
We allow the cubic term in MR to exist in N (M), thus allowing the Chern-Simons term
of the gauge field WRµ in the five dimensional bulk, we assign ΠR = +1, then we have
ΠS = −1 and ΠL = −1. Note that, since ΠS = −1, the vector multiplet VS or its first
component MS can appear at most only in quadratic form in N (M). For simplicity, we
assume that VS does not appear in N (M) at all, as announced before.
∗ Quaternion q = A0αˆ − iA
1
αˆ − jA
2
αˆ − kA
3
αˆ
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With these parity quantum numbers kept in mind, we consider the transformation rules
(3.7) of Hµνρσ and
δM = 2iε¯Ω, δLij = 2iε¯(iϕj), (4.14)
for the first scalar components M and Lij of vector and linear multiplets. Keeping all the
even parity fields nonvanishing on the brane in the RHSs of these equations, we find the
following transformation rules on the brane:
δHµνρσ = 4∂[µΛνρσ] + 2iε¯γµνρσϕMR
− 4ε¯γµνρσγ5ΩR L
3 + 16ε¯γ5γ[µνρψσ]MRL
3,
δMR = 2iε¯ΩR, δL
3 = ε¯γ5ϕ. (4.15)
Here we have used an identity ε¯γ5ϕ = −2ε¯(1ϕ2) which holds on the brane for SU(2) Majorana
spinors εi and ϕi with Π(ε) = +1 and Π(ϕ) = −1. Now it is clear that the following brane
action is superconformal invariant:
Sbrane =
∫
d5x (Λ1δ(y) + Λ2δ(y − y˜))
[
1
4!ǫ
µνρσyHµνρσ + 2e(4)MRL
3
]
(4.16)
where e(4) ≡ e/e4y is the determinant of the four dimensional vierbein on the brane.
§5. Relation between bulk cosmological constant and brane tensions
Now the action of our total system is given by the bulk action L0 [Eq. (2.4)] plus the
4-form field action L4-form [Eq. (3.9)] plus the brane action Lbrane [Eq. (4.16)]. The latter
two parts L4-form +Lbrane give an off-shell generalization of the BKVP action 7) for realizing
the odd parity coupling ‘constant’ (field) G(x).
Indeed, variation of the components ϕi and Eµνρ of the linear multiplet still gives the
same equations as in Eq. (3.12): ΩS j = GΩR j and Fλµ(WS) = GFλµ(WR). The latter
implies that W µS = GW
µ
R up to a gauge transformation if G is a constant. This equation
clearly shows that the field G(x) plays the role of U(1)R gauge coupling constant. On the
other hand, the equation obtained by variation of the 4-form field Hµνρσ is now changed in
the presence of branes into
∂µG = 2δ
y
µ (Λ1δ(y) + Λ2δ(y − y˜)) . (5.1)
The integrability condition of this equation on the orbifold S1/Z2 demands the condition
Λ1 = −Λ2 ≡ gR , (5.2)
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and then the solution of G(y) is given by
G = gR ǫ(y) (5.3)
with a periodic sign function ǫ(y) (with period 2y˜) which is defined as
ǫ(y) ≡


+1 for 0 < y < y˜
−1 for −y˜ < y < 0
0 for y = 0, y˜
. (5.4)
That is, the coupling ‘constant’ G changes its sign across the branes and is really constant
away from the branes.
Let us now discuss the relation between the cosmological constant in 5D bulk and the
brane tensions of the boundary planes. First note that the auxiliary fields Y ij are contained
in the action in the form [See (2.7) and (3.9)]
− 12NIJY
I
ijY
Jij + Y IijY
ij
I + Y
S
ijA
i
a(2gtS)
abAjb + (Y
S −GY R)ijL
ij (5.5)
where a, b = 1, 2 are the indices of the first compensator Aai only to which the vector
multiplet VS couples, (gtS)
a
b = (iσ3)
a
b
∗ and the last term came from L4-form. The vector
multiplet VS is special since it is not contained in N (M) and so has no kinetic term. Then
the auxiliary field component YS appears in the action only linearly and plays a role of
Lagrange multiplier yielding a constraint equation:
Lij = −2Aia(iσ3)
abAjb ≡ L
ij
sol, or equivalently
L1 = L2 = 0 and L3 = −2iA1a(iσ3)
abA2b ≡ L
3
sol. (5.6)
Then the Eq. (5.5) is rewritten into
−12NIJ(Y − Y
′
sol)
I
ij(Y − Y
′
sol)
Jij + 12NIJY
′ I
sol ijY
′Jij
sol
Y ′ Iijsol ≡ (N
−1)IJ(Y ijJ −GVJL
ij
sol) (5.7)
After the auxiliary fields YS, ϕ
i, Eµνρ, Hµνρσ and Y
Is are eliminated, the brane action
now takes the form
Sbrane = −gR
∫
d5x (δ(y)− δ(y − y˜))
[
3e(4)WL
3
sol
]
, (5.8)
where W ≡ −(3/2)MR = −(3/2)VIM I is the ‘superpotential’ introduced later in Eq. (5.15)
below. This shows that brane tensions of the planes at y = 0 and y = y˜ are given by
∓3gRWL3sol, respectively.
∗ We adopt the convention that the usual expression for the Pauli matrix ~σ applies to the matrix
with index position ~σij . The indices i and j are raised or lowered by using ǫ tensor, so that, for instance,
~σij = ǫjk~σik = −~σikǫkj denotes −~σǫ as a matrix.
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Next we turn to compute the scalar potential in 5D bulk. For that purpose, it is better
to discuss separately two cases of one and two compensators. As noted before, the hyper-
multiplet scalars Aαi (α = 1, 2, · · · , 2r) (or fermions ζ
α) have the metric matrix dα
β given in
(2.6) in their kinetic term, and so the first 2p components Aαi with α = 1, 2, · · · , 2p, corre-
sponding to p quaternions, have negative metric and are called compensators, while the rest
components Aαi which we denote with underlined index α have positive metric and represent
usual matter fields. We consider the simplest two cases of one (p = 1) and two (p = 2)
compensators, separately.
5.1. p = 1 case
First is the most common p = 1 case, containing a single compensating hypermultiplet
Ha with a = 1, 2. Independently of p, we always fix the SU(2) gauge by imposing the
condition
Aai (x) = a(x)δ
a
i , a(x) : real positive (5.9)
on the first compensator scalars Aa=1,2i , and so the L
3
sol in Eq. (5.6) takes the form,
L3sol = −2iA
1
a(iσ3)
abA2b = −2(σ3)
1
1a
2(x) = −2a2(x). (5.10)
In the present case of p = 1, the equation of motion A2 + 2 = 0∗ for A2 ≡ Aαi dα
βAiβ =
− |Aai |
2 + |Aαi |
2
determines the magnitude a(x) to be
a(x) =
√
1 + 1
2
|Aαi |
2. (5.11)
The scalar potential in the bulk is given by 9)
V = −1
2
NIJY
′I
solijY
′Jij
sol
∣∣∣
bosonic
−Aα¯i (gM)
2
α
βAiβ
= (aIJ −M IMJ )P ijI (P
ij
J )
∗ − |Qai |
2 + |Qαi |
2 (5.12)
where use has been made of (N−1)IJ = −(1/2)(aIJ −M IMJ) with aIJ denoting the inverse
of aIJ in Eq. (2.5), and taking Eq. (5.7) into account,
P ijI ≡ −
1
2GVIL
ij
sol +
1
2Y
ij
I |bosonic = GVIa
2(iσ3)
ij +A(iα(gtI)
αβAj)β ,
Qai ≡ δG(M)A
a
i = MS(gtS)
a
bA
b
i = GMR(iσ3)
a
bA
b
i = GVIM
Ia(iσ3)
a
i,
Q
α
i ≡ δG(M)A
α
i =M
I(gtI)
α
βA
β
i . (5.13)
∗ Note that the four compensating bosons Aai (a = 1, 2, i = 1, 2) carrying negative metric in this
p = 1 case are eliminated by the three gauge-fixing conditions of SU(2), (5.9), and this equation of motion
A2 = −2N with dilatation gauge condition N = 1. The target manifold spanned by the hypermultiplet
scalars constrained by these conditions becomes USp(2, 2q)/USp(2)× USp(2q). 14)
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If the hypermultiplet fieldsAαi other than the compensatorA
a
i are assumed not to be charged,
i.e., gtI = 0, then the potential reduces to a simple form
V = 32g
2
R
{
3 |a|4 gxy
∂W
∂ϕx
∂W
∂ϕy
− (|a|4 + 3 |a|2)W 2
}
. (5.14)
Here ϕx (x = 1, · · · , n) are independent n scalar fields with which n + 1 vector multiplet
scalarsM I , constrained byD gauge condition N (M) = 1, are parametrized. 8) We have used
the relations aIJ = gxyhIxh
J
y + h
IhJ and hI = −
√
2/3M I given in I, Eqs. (I 7·3) and (I 7·1),
and the definitions 7)
W ≡
√
2
3VIh
I = −23VIM
I ,
∂W
∂ϕx
= −23VIh
I
x = −
2
3VIM
I
,x . (5.15)
If the system contains no physical vector multiplets (i.e., n = 0) so that there appear no
scalars ϕx and only the graviphoton with I = 0 exists as a vector field, then, the ‘superpo-
tential’ W reduces to a constant and the bulk scalar potential V to V = −(3/2)g2R(|a|
4 +
3 |a|2)W 2. This should be compared with the brane tensions ±6gRaW of the planes at y = 0
and y˜. If the system has no matter-hypermultiplets either, i.e., q = 0, then, a becomes 1 and
the bulk scalar potential further reduces to V = −6g2RW
2 and brane tensions to ±6gRW ,
yielding exactly the same relations required by the Randal and Sundrum. 1)
5.2. p = 2 case
Next we turn to p = 2 case, for which the manifold spanned by the hypermultiplet scalar
fields becomes SU(2, q)/SU(2) × SU(q) × U(1) and, when q = 1, this just corresponds to
the manifold of the universal hypermultiplet 15) appearing in the reduction of the heterotic
M-theory on S1/Z2 to five dimensions.
6) In this p = 2 case, as explained in I in detail, we
need to introduce another special vector multiplet VT which possesses no kinetic term either
and couples to the hypermultiplets via charge T = σ3⊗12+q, that is, the hypermultiplet Hα
with odd (even) α carries +1 (−1) charge. In this case the auxiliary field component Y ijT
again appears in the action as a multiplier field and gives three constraints
Aai(σ3)
a
bA
b
j +Aa′i(σ3)
a′
b′A
b′
j = Aαi(σ3)
α
βA
β
j (5.16)
where the primed indices a′, b′ = 3, 4 are used to denote those of the second compensator
Aa
′
i and the indices α, β of (σ3)
α
β should generally be understood to be 1 and 2 when they
are odd and even, respectively. The equation of motion A2 ≡ Aαi dα
βAiβ = −2 gives
− |Aai |
2 − |Aa
′
i |
2 + |Aαi |
2
= −2. (5.17)
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If we impose the SU(2) gauge-fixing condition Eq. (5.9) and Aa
′=3
i=2 = real as the U(1)T
gauge-fixing, the solution of these constraints (5.16) and (5.17) is shown in the Appendix to
be given in terms of two q-component complex vectors φ1 and φ2 as
Aa=1i=1 =
√√√√ 1− |φ2|2
2(1− |φ1|
2 − |φ2|
2 + |φ1|
2 |φ2|
2 − |φ†1 · φ2|2)
≡ a, (5.18)
Aa
′=3
i=1 = a
φ†2 · φ1
1− |φ2|
2 , A
a′=3
i=2 =
√√√√ 1
2(1− |φ2|
2)
≡ b,
Aα=oddi=1 = a
(
φ1 +
φ†2 · φ1
1− |φ2|
2φ2
)
, Aα=oddi=2 = bφ2, (5.19)
where |φ|2 ≡ φ† ·φ and we have shown only the components Aαi with odd α = 2αˆ− 1, whose
complex conjugates essentially give the even α = 2αˆ components, A2αˆi = (A2αˆ−1j)∗ǫji,
because of the quaternionic nature (4.11) of the hypermultiplet scalars Aαi .
The scalar potential in the bulk is now given by
V = (aIJ −M IMJ )P ijI (P
ij
J )
∗ − |Qai |
2 − |Qa
′
i |
2 + |Qαi |
2, (5.20)
where P ijI is the same as before while Q
α
i are now
Qai ≡ δG(M)A
a
i = (MS +MT )(iσ3)
a
bA
b
i = (GVIM
I +MT )a(iσ3)
a
i,
Qa
′
i ≡ δG(M)A
a′
i = MT (iσ3)
a′
b′A
b′
i ,
Q
α
i ≡ δG(M)A
α
i =
(
MT (iσ3)
α
β +M
I(gtI)
α
β
)
A
β
i . (5.21)
If we assume again that the hypermultiplet matter fields Aαi other than the compensators
Aai and A
a′
i are not charged, i.e., gtI = 0, then the potential takes a simpler form. The
contribution of the three |Qαi |
2 terms is evaluated as
−|Qai |
2 − |Qa
′
i |
2 + |Qαi |
2
= −2(MS +MT )
2 |a|2 −M2T |A
a′
i |
2 +M2T |A
α
i |
2
= −2M2S |a|
2 − 4MSMT |a|
2 +M2T (−|A
a
i |
2 − |Aa
′
i |
2 + |Aαi |
2)
= −2M2S |a|
2 − 4MSMT |a|
2 − 2M2T (5.22)
where we have inserted the Eq. (5.17) in the last step. Since VT has no its own kinetic term
and the scalar component MT appears only here in the action, so that MT can be eliminated
by using its equation of motion MT = −MS |a|
2. Then this contribution (5.22) reduces to
− 2M2S |a|
2 + 2M2S |a|
4 . (5.23)
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The first term of this is the same contribution as the previous p = 1 case, which together
with the first |P ijI |
2 term gives the same expression as the previous potential (5.14) (although
a here is given by Eq. (5.18) and different from the previous one (5.11) ). Thus the second
term is the additional new contribution in this p = 2 case,
2M2S |a|
4 = 2g2R(VIM
I)2 |a|4 = 92g
2
RW
2 |a|4 . (5.24)
Adding this to the previous potential (5.14), we find the scalar potential in p = 2 case as
V = 32g
2
R
{
3 |a|4 gxy
∂W
∂ϕx
∂W
∂ϕy
− (3 |a|2 − 2 |a|4)W 2
}
. (5.25)
Again consider the special case that the system contains no physical vector multiplets
and so no scalars ϕx, then, W is constant. Moreover, consider the case q = 1; that is,
the system contains only a single physical hypermultiplet and corresponds to the universal
hypermultiplet. Then, φ1 and φ2 are single component complex fields and can be rewritten
in terms of more popular variables, a complex ξ and real V and σ: 16)
φ1 =
2ξ
1 + S
, φ2 =
1− S
1 + S
, S ≡ V + ξ¯ξ + iσ. (5.26)
Then, a in Eq. (5.18) reduces to
a =
√
1
2
+
|ξ|2
2V
. (5.27)
We can easily see that the result (5.25) with this a in (5.27) is easily seen to agree with the
result by Falkowski, Lalak and Pokorski. 4) Actually the present result (5.25) reproduces only
a part of their result, the part proportional to their β parameter, but the part proportional
to their α parameter is missing. The reason is clear. Up to here we have tacitly assumed
that our pre-U(1)R gauge multiplet VS couples only to the first compensator. Namely the
U(1)S charge gtS to which VS couples has been chosen to be
gtS = i


1 0 0
0 0 0
0 0 0

 on Aodd ≡
(
A2αˆ−1i
)
≡


Aa=1i
Aa
′=3
i
Aα=5i

 . (5.28)
However, the isometry group of the hypermultiplet manifold is U(2, q=1), which is given by
the 3×3 matrices U2,1 acting on this 3×2 matrix Aodd from left (and its complex conjugate
(U2,1)
∗ on the even row elements Aeven ≡ (A2αˆi)). When the system is compactified on
S1/Z2, the isometry group is reduced to the subgroup U(1) × U(1, q=1) since it should
commute with the Z2 parity transformation under which (Aa=11,Aa
′=3
1, Aα=51) get signs
(+1,−1,−1). (This parity assignment corresponds to Π(φ1) = −1 and Π(φ2) = +1 (or,
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Π(ξ) = −1 and Π(S) = +1) and is consistent with Eq. (4.12) and expressions of A2αˆ−ii in
Eqs. (5.18) and (5.19).) The U(1)S charge gtS to which VS couples can actually be any U(1)
generator of this isometry group U(1) × U(1, q=1). The U(1)S generator which was chosen
by Falkowski et al is given, in our terminology, by
gtS = iα


0 0 0
0 −1 −1
0 1 1

+ iβ


1 0 0
0 0 0
0 0 0

 . (5.29)
The first generator with coefficient α corresponds to the isometry in U(1, q=1) shifting the
field σ = ImS in Eq. (5.26) and the second generator with coefficient β is the original U(1)
charge in Eq. (5.28). Also in this case, one can compute the bulk cosmological constant and
brane tensions in the same way as above. It is convenient to use the 3× 2 matrix Φ ≡ Aodd
consisting of the odd row elements (5.28) and notation defined in Appendix, with which we
find formulas (W,x ≡ ∂W/∂ϕ
x)
Lsol
i
j = 4
(
Φ†η(gtS)Φ−
1
2
12 tr(Φ
†ηgtSΦ)
)i
j
(aIJ −M IMJ )P ijI (P
ij
J )
∗ = 316g
2
R
(
3gxyW,xW,y −W
2
)
tr(L†solLsol)
−|Qai |
2 − |Qa
′
i |
2 + |Qαi |
2 = −2M2S
{
tr(Φ†η(gtS)
2Φ) +
[
tr(Φ†ηgtSΦ)
]2}
+2
(
MT + iMS tr(Φ
†ηgtSΦ)
)2
(5.30)
The last perfect square term vanishes if we use MT equation of motion. Inserting the
expression (5.29) for the U(1)S generator gtS in this case and expressions (5.18) and (5.19)
for Φ = Aodd, and using M2S = (9/4)g
2
RW
2 and parametrization (5.26), it is straightforward
to find
L3sol = −β
(
1 +
|ξ|2
V
)
−
α
V
(
V − |ξ|2
V + |ξ|2
)
V =
9
2
g2Rg
xy ∂W
∂ϕx
∂W
∂ϕy

14
[
β
(
1 +
|ξ|2
V
)
−
α
V
]2
+
αβ
V


+
3
2
g2RW
2

12
[
β
(
1 +
|ξ|2
V
)
−
α
V
]2
−
3
2
β2
(
1 +
|ξ|2
V
)
−
αβ
V

 . (5.31)
We see that the brane tension ∓3gRWL3sol with this L
3
sol coincides with Falkowski et al’s
4)
provided that ξ terms are eliminated by assigning odd parity to ξ. Their tension parameter Λ
is identified with our 3gRW . If the system is reduced to the n = 0 case where W is constant,
then this scalar potential V also agrees with theirs aside from the term proportional to αβ,
which we believe is their error or typo.
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§6. Discussions
We have given an off-shell formulation of the odd-parity ‘coupling constant’ field G(x) and
4-form multiplier field Hµνρσ. This was achieved by rewriting a neutral linear multiplet L in
terms of 3-form and 4-form gauge fields. In particular, we need a vector multiplet background
in rewriting the auxiliary scalar component N of L into the 4-form gauge field Hµνρσ, and we
obtain the 4-form field action in the five-dimensional bulk by applying the invariant action
formula for the product of an Abelian vector multiplet V and the linear multiplet L. Using
here a vector multiplet different from the above background vector multiplet, we can obtain
the ‘coupling constant’ field G(x) as the ratio of the two scalar components M of the these
two vector multiplets. All the components of this linear multiplet L now become Lagrange
multiplier fields and, in particular, the 4-form gauge field component becomes the multiplier
demanding that G be a constant and change sign across the branes.
We have presented this formulation in a rather general system of Yang-Mills and hyper-
multiplet matters and discussed the relation between the bulk cosmological constant and
the brane tensions of two boundary planes. The result agreed with the other authors’ ones
when the system is reduced to some special cases.
It is interesting that our approach suggests that this parity-odd coupling constant for-
mulation cannot be generalized to the case of non-Abelian gauge coupling. This is because
there appears no ratio of two scalar components which is group singlet to be identified with
the coupling constant field if both of or one of the two vector multiplets are non-Abelian.
We have not discussed the other approach which Altendorfer et al 2) pursued. As discussed
by Falkowski 4) and BKVP, 7) this approach requires that the U(1)R generator i~q ·~σ should
anti-commute with the matrix M ij = (σ3)
i
j which is used in defining Z2 parity of the
fermions. The off-shell formulation for this approach is not difficult and actually was given
by Zucker 17) for the case of linear multiplet compensator in the bulk. Half components of
the bulk compensator yield a compensator multiplet on the brane. Both linear multiplet and
hypermultiplet compensator in the bulk induces a chiral multiplet compensator on the brane
which we denote by Σ0. Generally in 4D superconformal framework,
18) the cosmological
constant (without breaking supersymmetry) is supplied from the superpotential term [Σ3]F
of the chiral compensating multiplet Σ with Weyl weight 1 provided that the F -component
of Σ develops a non-zero VEV. The brane tension term here, therefore, should be produced
by giving a superpotential F term [Σn0 ]F on the brane. (n is a suitable power such that
n times Weyl weight of Σ0 becomes 3.) But one can easily convince oneself that the F -
component of this chiral compensator Σ0 develops non-zero VEV if and only if the U(1)R
generator i~q·~σ anti-commutes with σ3. Moreover, this superpotential term can be multiplied
19
by any function g(S) of (Weyl weight 0) matter chiral multiplets Si living on the brane as
[Σn0 g(S)]F , and then it will clearly yield the brane tension of arbitrary magnitude which has
no relation with the bulk cosmological term.
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Appendix A
Parametrization of hypermultiplet manifold
We concentrate on only the odd α components Aα=2αˆ−1i since the even α components
A2αˆi are given by the odd components by the reality as A
2αˆ
i = (A2αˆ−1j)∗ǫji. It was shown
in I that the solution to the constraints (5.16) and (5.17) can be given in the form
Aodd ≡
1
1
q


Aa=1i=1 Aa=1i=2
Aa
′=3
i=1 Aa
′=3
i=2
Aα=oddi=1 Aα=oddi=2

 = U2,q


1 0
0 1
0 0

 (A.1)
with a unitary matrix U2,q ∈ U(2, q), where Aα=oddi is a q-component complex vector for
each i = 1, 2. This unitary matrix U2,q can be parametrized in the form
19)
U2,q = e
φiX
i
eα
i(φ,φ†)X†
i eβm(φ,φ
†)Sm ,
φiX
i ≡


0 0 0
0 0 0
φ1 φ2 0

 , αiX†i ≡


0 0 α1
0 0 α2
0 0 0

 (A.2)
by using two independent q-component vectors φ1 and φ2, where Sm are the generators of
‘unbroken’ subgroup H = U(2)×U(q) and βm are complex generally. (Note that the broken
generators X i, X†i and their coefficients φi and α
i are all q-components for each i = 1, 2.)
Actually the first factor eφiX
i
parametrizes the complex group coset GC/Hˆ (GC : complex
extension of G, Hˆ: complex subgroup whose generators are given by {X†i , Sm}), and is just
the basic variable in the non-linear realization theory by BKMU 20) in supersymmetric theory.
The coefficients αi(φ, φ†) and βm(φ, φ
†) are not independent parameters but are determined
to be functions of φi and φ
†
i by the demand that U2,q is a unitary matrix belonging to U(2, q).
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It is not so easy to find explicit form of αi(φ, φ†) and βm(φ, φ
†), but we, fortunately here,
can avoid the computation. Since U2,q is acting in Eq. (A.1) on the (2+ q)× 2 matrix whose
last q raws are all zero and the first two raws give 2 × 2 unit matrix, the third columns of
the matrices eα
i(φ,φ†)X†
i and eβm(φ,φ
†)Sm are irrelevant so that eα
i(φ,φ†)X†
i can be replaced by 1
and eβm(φ,φ
†)Sm can be replaced by a 2× 2 matrix UC acting from the right:
Aodd = U2,q


1 0
0 1
0 0

 = eφiXi


1 0
0 1
0 0

UC =
(
UC
(φ1 φ2)U
C
)
(A.3)
Now UC is determined by requiring that this form of Aodd satisfies the constraints (5.16)
and (5.17), which is equivalent to the original condition that U2,q belongs to U(2, q). Then,
imposing the SU(2) and U(1)T gauge conditions on U
C to take the form
UC =
(
a 0
A31 b
)
(a, b : real, positive) (A.4)
we can find the solution of UC and hence of Aodd as given in Eq. (5.19) in the text.
The hypermultiplet scalar part of the Lagrangian is given as follows if written in the form
before eliminating the auxiliary SU(2) gauge field V ijµ :
e−1LHyp = +D
µAα¯i DµA
i
α = − |DµA
a
i |
2 − |DµA
a′
i |
2 + |DµA
α
i |
2
(A.5)
where
DµA
a
i = ∂µA
a
i +A
a
jV
j
µ i − (WSµ +WTµ)(iσ3)
a
bA
b
i
DµA
a′
i = ∂µA
a′
i +A
a′
j V
j
µ i −WTµ(iσ3)
a′
b′A
b′
i
DµA
α
i = ∂µA
α
i +A
α
j V
j
µ i −WTµ(iσ3)
α
βA
β
i −W
I
µ (gtI)
α
βA
β
i . (A.6)
If we neglect the U(1)R gauge interaction and other matter gauge interaction with generators
gtI by setting gR = g = 0, then the Lagrangian (A.5) is simply rewritten in the following
form by using (2 + q)× 2 complex matrix Φ = Aodd:
e−1LHyp = 2 tr[(D
µΦ)†η(DµΦ)], DµΦ = ∂µΦ+ ΦAµ,
(Aµ)
i
j = (Vµ)
i
j − iWTµδ
i
j , η =


−1 0 0
0 −1 0
0 0 1q

 (A.7)
Aµ now gives a U(2) gauge field which comes from the combination of the SU(2) and U(1)T
symmetries. The four constraints (5.16) and (5.17) can be rewritten as
Φ†ηΦ = −
1
2
12. (A.8)
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The Lagrangian (A.7) with constraints (A.8) clearly describes a nonlinear sigma model of
Grassmannian manifold U(2, q)/U(2)×U(q). 21) If the U(2) auxiliary gauge field Aµ is elim-
inated the lagrangian is rewritten as
e−1LHyp = 2 tr[(∂
µΦ)†η(∂µΦ)] + 4 tr[(Φ
†η∂µΦ)
2]. (A.9)
If the expression (5.19) of Aodd derived above is substituted for Φ here, then, it is easy to
confirm that this Lagrangian can be written in the form
e−1LHyp =
∂K(φ, φ¯)
∂φI∂φ¯J¯
∂µφI∂
µφ¯J¯ ,
K(φ, φ¯) = − ln det
[( 1 0 φ†1
0 1 φ†2
)
η


1 0
0 1
φ1 φ2

]
= − ln
[
(1− |φ1|
2)(1− |φ2|
2)− |φ†1 · φ2|
2
]
(A.10)
with |φ|2 ≡ φ† · φ. We see that this K(φ, φ¯) is just the well-known Zumino-Aoyama form
22), 23) of the Ka¨hler potential corresponding to the (Ka¨hlerian) Grassmannian manifold
U(2, q)/U(2)× U(q), giving a special example of the general form presented by BKMU. 20)
If the U(1)R gauge field is retained in the calculation, we see that the derivative ∂µ in
this Lagrangian is replaced by the U(1)R-covariant derivative ∇Rµ = ∂µ − δR(GWRµ) with
non-linear U(1)R transformation δR.
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